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Evaluation of Atomic Scattering Integrals by Numerical Techniques
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Integrals needed in calculations of electron scattering off atoms are solved. The basis
functions consist of Slater-type functions to describe the bound-like character of the
wavefunction, and spherical Bessel functions of the first and second kind for the free
particle portion. A damping factor is used with the latter Bessel function to insure proper
behavior at the origin. With integral representations of the Bessel functions, numerical
techniques are developed to obtain all one- and two-electron integrals.

INTRODUCTION

Theories of electron scattering off atoms and molecules entail an expansion of
the total wavefunction in terms of bound state functions and a scattering function
which displays an appropriate asymptotic behavior. In particular

¥ =3 0D, 2,.., n) x.(n + D}, M

where (7 is the antisymmetrizer, may be considered as well as wavefunctions
containing additional terms which account for the bound-like character. Whatever
the choice, solutions for the basic integrals which arise will be solved in this paper.
Here

HD, = E P, (n=12.) )
are the solutions of the target state, and
HY = E¥ @)
is Schrodinger’s equation for the scattering problem, where
H =+ Vn+1) —§Vi,,

* Work supported by the Petroleum Research Fund of the American Chemical Society, Grant
Nos. 1303-G2 and 5642 ACS.

269

Copyright © 1974 by Academic Press, Inc.
All rights of reproduction in any form reserved.



270 KENNETH J. MILLER

V(n + 1) is the potential interaction between the scattering electron and the
target, and E == E,® + }k,% The scattering function is expanded in terms of
partial waves

G‘,(c’:’) Py(cos 6) 3)

Xn = z d,
=0
which obey the boundary condition G;(0) = 0 and have the asymptotic dependence

Gi(kr) —==> krjikr) - tan n; yi(kr)]. (C)

The asymptotic solutions are Bessel functions of the first and second kind. The
approximation

N
Gr) = ), gmr™e™n" + kr[jkr) + tan n,Fys(er) yikr)), 3)
m=1

with
Filer) = (1 — e,

has been used by a number of authors {1] to insure proper behavior both at the
origin and for large r.

To simplify the integrals required for electron scattering, Armstead [2] proposed
the functional form

$ulkr) = [juhr) + 0L i) ©)

to replace F,,,,y, in Eq. (5).

An advantage of ¢, is that it remains finite as » — 0 without the complication
of a damping factor, and the integrals require only the Bessel functions j; . Also
asr— o

$uller) — — cos(kr ;r(l/Z) ) ’ 7

which yields the correct asymptotic form of y; .

However, because ¢; is not a solution of Bessel’s equation, accurate approxima-
tions to G, require many bound-like functions to simulate y, in the region beyond
the vanishing of the potential and before y, achieves its cosine dependence. This
is seen by substituting ¢, into Schridinger’s equation for V = 0.

_4r4+8142) . ro0 sin(kr — (I/2) =)
'%¢l - '_—(?',)T‘—-Jl+2(kr) —_— (kr)“ s (8)
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where
1 d2 “M+1
l:;aﬁr_(rz )+k25 (9)
whereas
L Fyakry, — Lkry, = 0 (10)

if ¢ is chosen such that F,, ., — 1 when the potential becomes vanishingly small.
The right hand side of Differential Eq. (8) approaches zero as (kr)% As the
incident energy (and also k) decreases, larger values of r must be attained before
%,¢, becomes vanishingly small, and consequently, bound-like functions must be
employed to construct the free-particle portion of the wavefunction.

To circumvent this problem, asymptotic forms which are solutions of
Schridinger’s equation when V=0 (Eq. (9)) are employed in this paper.
Although the number of integral types increases as well as difficulty in their
evaluation, the author feels that the proper asymptotic form, which is attained
just outside the influence of the potential region, will reduce the number of terms
in the approximation to G;. Inclusion of the damping factor with y; in Eq. (5)
increases the complexity of the recursion relations for analytical evaluation to
the extent that up to six dimensional arrays must be formed. This dilemma led to
examination of numerical techniques based on integral representations because
(i) they can be used routinely throughout the entire formulation, thereby reducing
the possibility of errors in the coding of the integrals, and (ii) these techniques
can be used to check the faster analytical methods as they are coded.

The basic types of integrals [3] needed for the linear variational procedures of
Kohn, Hulthén, and Feshbach and Rubinow [4] have already been set forth for
more restricted cases using the approximation Eq. (6), and they are essentially
the same as needed here. The following five one-electron integrals

[[arrre gt =, an
[ dr rree g Ater) (0 = —1— m), (12)

and four two-electron integrals
J:o dr rreer gi(h, r) f:o dv vie-P A (k, v) (13)

arise, where p > —I, ¢ > —m, and _#, and X, are j,(hr) and/or F,, (cr) y.(kr)
for p =/ and m.
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Integral representations of the Poisson type [5]

zt 1
3@ = gy [ dn (1~ 7" cos(em) (14)
and
y2) = EZI—;—, 3 f: dn (1 — n?)! sin(zg) — f: d¢ e=*(1 + £y (15)

give rise to integrands containing Fourier and Laplace transforms and variations
of these transforms over the part of the infinite interval after integration over r
has been performed. The resulting integrands are polynomial-like, and conse-
quently, Gauss-Quadrature can be applied. In all, nine types of integrals will be
evaluated. In subsequent sections the variables % (and %) and ¢ (and ) will be
reserved for integration on the intervals [0, 1] and [0, co] respectively. Modified
weighting factors w and p introduced with Integrals I and II for transformations
n=(1+x)/2 and £ = (1 4+ x)/(1 — x) to the Legendre interval are used con-
sistently throughout this paper. For convenience the following coefficients are
defined:

hl
ah) = 21 (16)
and
§ — s —
b, = (#)( - a7
In the presentation upper case Latin letters will be used to define the integrals and

upper case script letters will be used to denote their corresponding integrands.
The sine and cosine Fourier transforms encountered are

Cyla, b) = f: dr rre—" cos(hr)

v+ /2] (18)
p+1 Lp+1)/2 2m
o latml L e ()6)
and
Sy ) = | ® dr rve=s sin(hr)
0 [p/2] (19)
r+1 [p J\2m+1
= w2 e e
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These sums are polynomials in 4 of degree 2[(p + 1)/2] and 2[p/2] 4 1 respect-
ively, modified by the damping factor (a? + A2)~?-! which doesn’t significantly
alter the near polynomial character of these transforms over small ranges of A.
In practice At will appear in place of 4 were # is £ or 7.

ONE-ELECTRON INTEGRALS

INTEGRAL 1
That

Ao, B) = [ dr rre-=jhr)
" (20)
= al) [ dn (1 — 7 Cupa(es, )
with »n >/ can be obtained directly by use of Eq. (14) and integration over r.
Since the Fourier cosine transform is nearly a polynomial in %, the integrand of

Eq. (20) is well represented by a polynomial of order N = I + 2[(n + I + 1)/2].
With the transformation n = (1 -+ x)/2, the Gauss-Legendre quadrature becomes

N
A" = B Y oCppla, bny), 21
i=1
where the weighting factors

. (1 —_ ni2)l (22)

are related to w; and x; , the weights and zeros respectively of order N. Throughout
this paper this definition of w,’ and the relationship between %; and x; will be
retained.

INTEGRAL II

B(oo by ©) = [ dr rre=ory(hr) Fauys(er)
1
= al®) || dn (1 — 7 B, b, )
0
— [Tde( + & B+ BE o) @3)
0

581/14/3-4
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with n >> —I, where

B, b, ) = fw dr rre=o" sin(hr) F(cr)
0

~ Y. b3S,(a + pe, By @4

u=0

is a sum of Fourier sine transforms, and

BP%a, ¢) = f: dr rPe~%"F(cr)
=p! Y b.Xa + pc)y?t (25)
u=0

is a sum of Laplace transforms.

It is clear that the first integral of Eq. (23) can be evaluated by Gauss-Legendre
quadrature. Since F, > 0, #'¥* > 0, and consequently, one might expect stable
recursion relations to exist. These are developed in Appendix I. The integral from
0 to oo can be transformed to —1 << x < +1 by § = (1 + x)/(1 — x). This
transformation is chosen since #® is of degree —[3/+ 2 -~ n] in £ for large &,
and the integrand of Eq. (23) is of degree —(n + / + 2) in €. The rapid change of
A for intermediate values of ¢ and decay for large values of £ suggested the
above transformation to favor large £ in a Gauss—Legendre quadrature. In Fig. 1,
@B+ (q, c) is plotted as a function of a. Forlarge £, a ~ h¢, and consequently,
the transformation a = (1 4 w)/(1 — u), —1 < u < 1, is chosen as a convenience

T T L ‘ T T T T
a L
o 4| £=3 :4
~No | ]
_@ 5
NU -
=0
1.0

Fig. 1. Demonstration of the near polynomial character of #'#*+1 over the interval 0<{ u < 1
orl<a< mw.
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for analysis. Because a*#'® changes slowly for —1 <C u <C 0, this region is omitted
from the figure. The case n = —/ is examined because the integrand behaves
like a2 for large a.

a2 BD is seen to vary slowly over the range of 0 << u << 1; #® can be well
represented by a polynomial in ¢ and hence for 0 < ¢ << co. The integrand
(1 + &) BEM (« + k¢, ) will behave like (a?/h?) B* for large £, but for
small ¢ a slight distortion of the curves will result.

For the above transformations the Gauss—Legendre quadrature becomes

. N1 2
Bay hyc) = K )Y /B o, by, ¢) — z P B o, hE; L O, (26)
i=1 =]
where
1 — x; 1 2)¢
pd = w; ( )2"1(1' + 4 ) 27

is related to the weights w; and zeros x; for Gauss-Legendre quadrature of order
N, . Equation (22) defines w;® for order N, . Throughout this paper this definition
of p;! and the transformation between x; and §; already mentioned will be retained.

INTEGRAL III

D (a, by k) = fo " dr rre=oj(hr) julkr)
= ayh) an(k)
1 1 _
x [ =) [ a7 = P Durrnlos kD) (29)

with n > —I — m, where

D (a, h k) = f: dr r?e—o" cos(hr) cos(kr)

= H{Cyla, h — k) + Cya, k + k)}. 29

The Fourier transforms are polynomial like in v and 7, and therefore, the same
transformation and integration techniques may be applied for each dimension
of this double integral as described for Integral I. The integrand will be approxi-
mately of order N, =/ 4 g in n and N, = m + ¢ in 7} with zeros and weighting
factors 7, , w;! and 7; , @, respectively, where g ~ n + I/ -+ m 4 1. Hence

Ny

N,
Dlnm(as h9 k) = Z wil Z u_)img'n+l+m(a’ h'f], ’ kﬁj)- (30)
j=1

i=1
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INTEGRAL IV

Efu(e, by by d) = [ dr rre7jhr) yukr) Foma(dr)
— ah) an(k)
1 ]
X §f0 dy (1 — 7 fo @7 (1 — )" XN o, b, kij, d)
1 @ - -
~[Can = [ BRI+ KE, I, d)
(31

with n > —I — m, where
é&Ll)t(a’ h ok, d) = J'°° dr rre=or cos(hr) sin(kr) Fy(dr)
o

3
=14 ) bHSa+pd h+ k) — Sia+pdh—k)} (32
u=0

and

(o@,(f”(a, h, d) = J:D dr r?e=% cos(hr) F{dr)

= i btC,(a + pd, h). (33)

u=0

€W js a sum of Fourier sine transforms, and the same argument applied to
Integral I applies here. For &® the same transformation used to favor large £ of
Integral II is used here, and the same arguments apply here also. The order of
the polynomial fit required is N; , N, &~ n + [/ + 3m + 2 with zeros and weighing
factors 7, and .}, 7, and @,, and £, and ;. Hence Gauss-Legendre quadrature
yields

Ny Ny
Epo by by d) = B )Y ) Y @, E0m o, by, , iy , d)
i=1 =1

Ny Ny
— Y o Y preRI o + kE;, i, d)]. (34
i=1 j=1
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INTEGRAL V

Fip(o, b, K, ¢, d)

— [ dr rre=ety,(hr) Fuvua(er) yukr) Famoaldr)
— a(h) a(k)

X fl d (1 _ 2)1'[ ! dan (1 . -2)m f(1)21+1 2m+1( h k7 d
0 7] 7 R N 77 n+l+m o, 1]’ 7” c, )

[T [T B FEE T o+ B+ K, d)

1 o0 - — -
—~ f dn (1 — ) f dE (1 + Eyr FEOWLIm (o 4 KE e, d)

@ 1
— [ QS [ a1 — P"F L+ b ki o, D] (35)
0 0

with » > —I — m, where
F ;1) a, h, k, c, d) = f ” dr r?e=o sin(hr) F (cr) sin(kr) Fy(dr)
0

8 t
=13 b2 Y bYCya+pc+vd h— k)
pn=0 v=0

e Cp(a + [LC + Vd’ k + k)}a (36)

g-i’z)st(a’ ¢, d) = f " dr rre=F(cr) Fy(dr)
)

8 t

—p!Y b Y bia + pe + vd)y o, @37
n=0 v=0

and

,9';3)“(11 + kb, d) = f ” dr rre—tstiir gin(hr) Ffcr) Fdr)
0

E] 12

=3 b Y bS,a + k + pe + vd, b). (38)
p=0 v=0

The integrand of #® is always positive. Stable recursion relations, which are
an extension of those developed for #®, are presented in Appendix B.
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Gauss quadrature yields

Ny N,
Fro, bk, o, d) = K™ Y Y {wle,"F Q22 (o by, , k7, ¢, d)
i=1 j=1

+ plBF A T (o ks + KE ¢, d)
— WP F DRI (a4 Ky, b, ¢, d)
— pla"F YA (ot by, KAy, €, d)} (39)

for polynomial fits of order n + 3/ 4 3m + 3.

Two-ELECTRON INTEGRALS
INTEGRAL VI
W2, b3 B, k) = f:’ dr roe=2rj,(hr) frw dv ve-vj (ko)
= ay(h) a,(k)
x [ (0= [ a7 (= T Q% aenl o i B, )

= h'k" Z Z w, B QJH-Z a+m (0t s ﬂ k7;) (40)

where p > —land ¢ > —
The functions @7, are discussed in Appendix C.

INTEGRAL VII
o, b; B, k, d)

= | * dr roe-"(hr) [ * @b 19559y, (kv) Fypn,1(dv)
0 r
t 4 Lo =2vm gr({1)2m+1 -
= o) an(®) {[dn (1 — ) [ d (1 — 7" LU (0 o ke, B, )

~f Cdn (1 — ) [Faa oy adnn g+ e D), @)
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with p = —/and ¢ >> —m, where

FL4o, b k, B, d) = jo " dr rre== cos(hr) [ db vre-5* sin(ke) Fi(ds)

t
= Y b 0%*(e, b B + pd, k), 42
u=0
and
T8t 5 B, d) = [ dr roe-= costhr) [ do viesvF(do)
0 r
{
=Y 5,°0%, h; B + pd, 0). (43)
=0
Hence

X2 B B Ky d) = WK™ T Y o002 Wik, by 5 ey, B, d)
7

i
— @5 E B (o, g s B+ K, d)). (44
INTEGRAL VIII

Yo, b, ¢; B, k) = fo " dr roe=ety,(hr) Fy(cr) f * do v}, (kv)
— 4,8, k) B (o, b, ¢) — XZ(B, k; o, b, c). (45)
INTEGRAL IX
Zi(o by c; B, k, d)

= fw dr ree~ory,(hr) Fcr) f N dv vie~#p, (kv) Ffdv)
1 1
= @) an®) | dn (1 = 0% [ di (1 = " 2D, I, 5 B, k7, )
+ CdE (1 + &y [7dEQ+ By 2 Dente + e B+ KE d)
— [ = [T+ B 2R, b, 3 B+ K )

~[Taarorf L (1 — ) ZO (e + hE, s B, k7 d), (46)
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withp > —L g > —m, s =2/ + 1, and ¢t = 2m + 1, where

ZOo b, c; B, k, d) = fw dr rre== sin(hr) F{cr) fw dv v%e~*° sin(kv) Ff{dv)
0 r
8 i
=Y b 805" (o + pe, by B+ vd, k), 47
u=0 =0
x fq)s‘(a, ¢ B, d) = f N dr rre—"F (cr) f N dv vie~tF(dv)
0 T

s t
= Y b.° Y b'05(e + pc, 0; B + vd, 0), (48)

p=0 =0

4 2"3“(«, h,c; B, d) = J:o dr r?e—o" sin(hr) F(cr) f ’ dv v2e*°F(dv)

¢
= ¥ b Y 5,053 (o + pe, ks B + vd, 0), (49)

pn=0 y=0
and

Z8a, o; Bk, d) = [ dr e Ffer) [ do wre s sinko) F(do)
[} r

5 i
=Y by b0 (a + pc, 0; B + vd, k). (50)

u=0 v=0

The final formula for Gauss-quadrature follows, but it will be omitted here.

CONCLUSION

To check some of the integral calculations, the following limiting forms were
used to relate some of the more complex integrals to the simpler ones.

AT (@, B) = 1 d(k) Diuls b ),
B, k, ) = lim di(h) Efp(es by k; ©)
AP + B, B) = B lim Waa, b B, k)

BXa + B, hy ) = B lim Y&, by ¢; B, K)
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In all cases the basic limiting form for j, was used, i.e.,

. 2% _
llgl;)ljz(kr ) = eI = [d(k)]™

Although the computation time for numerical quadrature is greater than the
evaluation by analytical techniques, this route is taken as a first step in the calcula-
tion of scattering integrals. Analytic techniques are currently being developed to
evaluate these integrals.

Use of proper asymptotic forms, viz. Bessel functions of the first and second
kinds, should result in more compact expansions of the scattering wavefunction.
The increased computation time required to compute integrals involving both j;
and y; over that required when y, is replaced by ¢; of Eq. (6) may be somewhat
offset because fewer bound-like terms should be required in the scattering function.

APPENDIX A
Evaluation of
B2, ¢) = Jw dr rPe~%F(cr) (A.D
0

proceeds from the following recursion relation obtained after integration by
parts:

B, ) =211 390 0 + LA+ 0. A

This formula is stable for recursion outward as indicated in the diagram below.

The dots represent the “a” plane and circles the “a + ¢” plane.
To obtain the #¥*(a, ¢) one must first construct #Z§(a + [s — jlc, ¢) for
Jj=12,..,s and B>%a + sc, c) for k = 1, 2,..., p with the recursion formulae

B, )= U+ D ;'” D 89 + ¢, (>0, (A.3)
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and

B, ¢) = '93(2)0(‘1 o), (k = 0). (A4

Jc+1
The recursion scheme begins with the first element

BP%a + sc, ¢) = (A.5)

1
a -+ sc

denoted by 1 in Fig. 2. Then Egs. (A.3) and (A.4) are used to generate respectively
the elements labelled 2 and 3. With Eq. (A.2) element 4 and all others in the plane
to the coordinate (a, s, p) are calculated. Examination of the recursion relations

shows the a—?~*-% dependence of Integral (A.1).

a+sc
o 0
~a+(s-nc

FiG. 2. Recursion scheme for #!*'*. The elements are generated in the order denoted.

APPENDIX B
Evaluation of

F¥a, e d) = [ drroe-erF (er) Fdr) ®.1)

proceeds from the following recursion relation obtained after integration by parts
(the superscript (2) will be omitted):

ﬁsf{-l(aa c, d)
2l L 4, 6d)+ S Fhat ood) + 2 f;i?(aw ¢,d). (B.2)
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This relation is stable for recursion outward as indicated in the diagram below.

P
t T"—Tp-j
t-1

s-l S

The connection between the indices and the parameter a is related as follows:
for s = 2]+ 1, t = 2m -+ 1 the argument is a, but for some § and 7 the value of
the argument in the recursion relation willbea + 21/ + 1 — §)c + 2m + 1 — Bd.
In order to generate this array one needs

Fsa+20+1—35c+[2m+1—1d,cd), (B.3)

Fa+20+1—35c+ [2m+ 114, ¢, d), (B.4)
and

f'!f(a +Rm+1—1fc+ 20+ 114, ¢ d), (B.5)
for0<5i<s0<iI<t,and 0 <P < p.

Functlons (B.4) and (B.5) are Z?* and #'»'? which were developed in Appen-
dix I
Function (B.3) is obtained with the recursion relation

830

Fla, c,d) = 8“’ 4 X 9’ Tla+ c ¢ d) + .97 a4+ d, c, d).

The recursion scheme begins with calculation of the arrays of the functions
(B.3), (B.4), and (B.5). Then the recursion relationship (B.2) is used to generate
all elements in the three dimensional array of §, ?, and p until % is obtained.
The implicit dependence of the argument a on § and 7 permits use of a three
dimensional recursion scheme.

ApPENDIX C

, , e
Recursion Relations for Qf,

The four exchange integrals are in a form in which the integrands contain sine
and cosine functions. By defining

0%(a, by B, k) = f dr rre= cos(hx — o) €58, k, ), (C.1)
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where
CeBkr) = " db vie#* cos(kv — ) (C.2)
is an incomplete Fourier transform, all possible integrands for the exchange

integrals are obtained by setting ¢ and e equal to 0 and/or #/2. Integrating Eq. (C.2)
twice by parts yields

€SB, k. 1)

= {—k sin(kr — €) re%e#" — q cos(kr — €) r*-te=#” + B cos(kr — €) r%e=*"
— q(q — 1) €oslB, K, 1) + 29BE (B, K, N)}/(K* + B7), (C3)
and substitution into Eq. (C.1) yields the recursion relation
& + B°) Q5o B B, k)
= —kG, 5" + B, b k) — q95i0 e + B, B K) + B (o + B, b k)
— q(g — 1) Qs b5 B, k) + 2gBQ5ua(x, h; B, k), (C4)

where the Fourier-like transform
G5 by k) = | “ dr ree-or cos(hr — o) cos(kr — €) (C.5)
1]

must be added into the recursion relation when one proceeds along ¢ as indicated
below.

p - .
qg—2 g—1 q

Integration of the outer integral of Expression (C.1) by parts twice yields
(7 + o) Qgul, b3 B, k)
= §yh sin o€ (B, k, 0) — &y, cos o€, (B, k, 0) + 8y, cos a€, (B, k, 0)
+ pGpreile + B b k) — aFi (o + B By k) + hE P (o + B, by K)
—p(p — 1) Q%o (o b3 B, K) + 2paQ3% o (o b5 B, K), (C.6)

where % ,5(8, k, 0) is a Fourier sine or cosine transform respectively when e = /2
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and 0. Recursion with addition of ¢ and € proceeds along p as indicated below.

g - .
p—2 p—1 )2

Recursion Relation (C.4) is used to move along ¢ for fixed p whereas Eq. (C.6)
is used to move along p for fixed q. ¥:° is related to Fourier transforms, and it is
calculated as needed. To start the procedure Osi(, h; B, k) must be calculated
and a simple integration yields

os=[-Su+rn+Licinjerm  ©
oL = [% (¢ + b1 + g [4 + BI] [ + ), (C.8)
W= [21c— by + B 14— B Jur + o, (©9)
and
W= (S —m Lo cl)fe + o, (C10)
where
A= (h+ BIG+ B2 + (o + B,
= Gk — Bk — AP + (o + PP,
= (o + Bk + P+ (o + PP,
and

= (a+ Btk — k)* + (« + BYPI,
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